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Abstract 
 
This paper proposes a simple new closure principle for turbulent shear flows.  
The turbulent flow field is divided into an outer and an inner region. The inner region 
is made up of a log-law region and a wall layer. The wall layer is viewed in terms of 
the well known inrush-sweep-burst sequence observed since 1967. It is modelled as a 
transient laminar sub-boundary layer, which obeys Stokes’ solution for an impulsively 
started flat plate. The wall layer may also be modelled with a steady state solution by 
adding a damping function to the log-law. 
 
Closure is achieved by matching the unsteady and steady state solutions at the edge of 
the wall layer. This procedure in effect feeds information about the transient coherent 
structures back into the time-averaged solution and determines theoretically the 
numerical coefficient of the logarithmic law of the wall  
 
The method gives a new technique for writing accurate wall functions, valid for all 
Reynolds numbers, in computer fluid dynamics (CFD) programmes. 
 
Keywords: Reynolds equations, modelling, closure technique, wall layer, log-law, 
CFD. 
 
1 Introduction 
 
Turbulence is a complex time dependent three-dimensional motion widely believed to 
be governed by equations1 established independently by Navier and Stokes more than 
150 years ago 
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The omnipresence of turbulence in many areas of interest such as aerodynamics, 
meteorology and process engineering, to name only a few, has nonetheless led to a 
voluminous literature. 
 
Most of the interest in turbulence modelling from a practical engineering view point 
was originally based on the time averaged parameters of the steady state flow field. 
Reynolds (1895) has proposed that the instantaneous velocity   at any point may be 
decomposed into a long-time average value  and a fluctuating term . 
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For simplicity, we will consider the case when 
 1. The pressure gradient and the body forces can be neglected 
 2. The fluid is incompressible (ρ is constant). 
 
Substituting equation (3) into (1) and taking account of the continuity equation (2) 
gives: 
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1 The suffices i and j in this paper refer to standard vector notation. 
 These are the famous Reynolds equations (Schlichting, (1960), p. 529) also called 
Reynolds-Averaged-Navier-Stokes equations RANS (Gatski and Rumsey, 2002, 
Hanjalić and Jakirlić, 2002). The long-time-averaged products UU ji ′′  arise from the 
non-linearity of the Navier-Stokes equations. They have the dimensions of stress and 
are known as the Reynolds stresses. They are absent in steady laminar flow and form 
the distinguishing features of turbulence. 
 
The NS equations and the equation of continuity form a closed set that can be solved 
in principle, even though no general solution has been obtained in the last 160 years 
because of the great difficulties arising from the non linear terms. When Reynolds 
averaged the NS equations a degree of freedom is lost and there is no longer sufficient 
information to solve this new set of equations. This is the famous closure problem in 
turbulence. It is solved currently by formulating the Reynolds stresses with empirical 
or semi theoretical models. There are many ways to address this closure problem 
(Hinze, 1959, Schlichting, 1960, McComb, 1991, Lesieur, 2008).  
 
One the first attempts was made by Prandtl (1925, 1935) which resulted in his 
formulation of the logarithmic law of the wall. The critical step in Prandtl’s analysis is 
the derivation of a turbulent length scale l  called ‘mixing-length’ that allowed him 
then to estimate the eddy viscosity. The mathematical success of his approach, 
verified with the data of Nikuradse (1932) was marred however by his unfortunate 
analogy of the scale  with the free path of molecules. While the physical 
interpretation of this scale is now widely discredited the law of the wall remains one 
of the most useful tools in turbulence predictions. The postulation of an algebraic 
relationship for the length scale ready for use with the RANS is referred to in the 
literature as a zero-order closure model (Gatski and Rumsey, 2002). Prandtl’s mixing 
length was postulated for the plane shear flow with unidirectional mean flow.  In 
addition, Prandtl focused only on the log-law region and made no attempt to model 
the outer region or the wall layer. Prandtl did assume that there was a thin region near 
the wall , called the laminar sublayer where viscous forces would 
completely dominate resulting, in his view, to complete damping of turbulent 
fluctuations. Many other workers have extended the zero order analysis to two-layer 
l
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mixing-length models. Cecebi & Smith (1974) essentially expressed Prandtl’s law and 
the law of the wake (Coles, 1956) in multidimensional terms and Baldwin and Lomax 
(1978) expressed the mixing length in terms of vorticity. 
 
The considerable difficulties linked with analytical solutions for flow in complex 
geometries were by-passed with the introduction of computational fluid dynamics 
CFD in the early seventies (Launder and Spalding, 1974).The problem with zero order 
models is that the parameters of the model e.g. the boundary layer thickness in the 
Cecebi-Smith model must be evaluated by searching along grid lines in the normal 
direction. One equation models such as that of Spalart & Allmaras (1994) are local 
and can be used with any type of grid. The approach here is to calculate the eddy 
viscosity through the formulation of a transport equation. The next development was 
to calculate the eddy viscosity from two local quantities both estimated from transport 
equations. 
εμν
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Where the symbols here are 
νE  Turbulent kinematic viscosity 
k  Turbulent kinetic energy 
ε  Turbulent energy dissipation rate 
μC  Model coefficient 
This is the famous and popular ε−k model. An alternative is the model where 
 is the dissipation rate of kinetic energy per unit .  The coefficients of the terms in 
the transport equations for these models are determined empirically from 
experimental observations. One well-known challenge of the 
ω−k
ω k
ε−k  models is the 
treatment of the inner region. Bradshaw, Launder, & Lumley (1991) tested CFD 
packages developed by authors around the world and found that any model which 
invokes the logarithmic law-of-the-wall gave reasonable predictions of the velocity 
field irrespective of the model for the outer flow. But the so-called standard   
models, those derived for high Reynolds numbers, do not give an accurate 
representation of recirculation regions and of the near wall at transition and low 
Reynolds numbers. Thus there is an extensive list of modifications of Prandtl’s law of 
the wall to deal with these situations e.g. (Gavrilakis, 1992) which has also been 
ε−k
shown to apply to two dimensional flow (Zanoun and Durst, 2003). A further 
weakness of the ε−k models is the unrealistic isotropic nature of the eddy viscosity. 
This has led to the development of so-called non-linear eddy viscosity models such as 
the algebraic stress models. 
 
The latest development is the introduction of differential second-moment turbulence 
closure models DSM (Launder and Sandham, 2002) that are based on transport 
equations for the turbulent stresses and turbulent fluxes. The advantage of the DSM is 
in the exact treatment of the turbulence production term and of anisotropy of the 
turbulent stress field. Hanjalίc and Jakirlić (2002) believe that the DSM will 
eventually replace the present popular ε−k  model but admit that “despite more than 
three decades of development and significant progress, these models are still 
viewed… as a …target than as a proven and mature technique”. The modelling of the 
jiUU  and  equations is still based on the a characteristic turbulence time scale ε
ετ k=  and a length scale ε23kL =  but one now has the opportunity to model two 
new important terms: the  pressure-strain term  and the stress dissipation rate ijφ
 
This very succinct overview of closure techniques is designed only to give context. 
There is no attempt to capture adequately, even in the most general manner, the huge 
diversity of approaches resulting from the avalanche of computer modelling work of 
the last forty years. For a more detailed introduction, the reader may consult excellent 
books and reviews such as that of Launder and Sandham (op. cit.) or (Patel et al., 
1985, Rodi, 1980) for earlier models. 
 
The striking feature of all existing closure models is the empirical nature of 
coefficients used, which are more and more numerous as the models increase in 
complexity to give adequate descriptions of complex industrial applications. There 
were of course considerations of basic theoretical understanding, particularly of the 
energy cascade introduced by Kolmogorov, but the fundamental empirical nature 
simply reflects the state of poor understanding of turbulence mechanisms and, in my 
view, the constraints of the RANS used as a starting point. 
 
This paper proposes a new method for effecting closure in turbulence modelling. 
 2 Physical Visualisation And Principle Of The Closure Technique  
 
Turbulent flow fields near walls can be divided into an outer and an inner region e.g. 
(Panton, 1990). The inner region can be further divided into a wall layer and a log-law 
layer following the work of Prandtl and Millikan.  
 
2.1 The wall layer 
 
The process of turbulence production in the wall layer has been well documented 
(Kline et al., 1967, Kim et al., 1971, Offen and Kline, 1974, Corino and Brodkey, 
1969). Despite the dominating influence of viscous momentum, the flow field near the 
wall is not laminar in the steady-state sense, but highly active. Periodically, fast fluid 
rushes from the outer region towards the wall then follows a vortical sweep along the 
wall The travelling vortex induces underneath its path (Figure 1) which is observed as 
streaks of low-speed fluid. The streaks tend to lift, oscillate and eventually burst in 
violent ejections from the wall towards the outer region. The low speed streak phase is 
much more persistent than the ejection phase and dominates the contribution to the time-
averaged profile (Walker et al., 1989). The wall layer process has been modelled in so 
called kernel studies that investigate the interactions between a moving vortex and the 
wall below its path (Walker, 1978, Hall and Horseman, 1991, Peridier et al., 1991, 
Swearingen and Blackwelder, 1987, Harvey and Perry, 1971, Ersoy and Walker, 1986, 
Chu and Falco, 1988, Liu et al., 1991, Tucker and Conlisk, 1992).  An alternative 
approach is to treat the low-speed streaks in the sweep phase as a simple two 
dimensional sinusoidal flow sometimes called Kolmogorov flow (Obukhov, 1983), or 
better still analyse them with techniques borrowed from laminar oscillating flow 
(Trinh, 2009b). For this purpose, the local instantaneous velocity is written as 
u+u=u iii ′~   (6) 
Where iu~  smoothed velocity  which evolves within the period  of the wall layer 
(sweep phase) and   fast fluctuations of period .  Introducing the time-averaged 
velocity 
νt
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We may average the Navier-Stokes equations over the period  of the fast 
fluctuations. Bird, Stewart, & Lightfoot (1960), p. 158  give the results as 
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Equation (9) defines a second set of Reynolds stresses uu ji ′′  which we will call "fast" 
Reynolds stresses to differentiate them from the standard Reynolds stresses UU ji ′′ .  
We may write the fast fluctuations in the form 
( )e+eu = u t-itiii ωω,0′   (10) 
The fast Reynolds stresses  become jiuu ′′
uu2+)e+e(uu = uu j0,i0,t-2it2ij0,i0,ji ωω′′   (11) 
 
Equation (11) shows that the fluctuating periodic motion iu′  generates two 
components of the "fast" Reynolds stresses: one is oscillating and cancels out upon 
long-time-averaging, the other,  is persistent in the sense that it does not depend 
on the period . The term  indicates the startling possibility that a purely 
oscillating motion can generate a steady motion which is not aligned in the direction 
of the oscillations. The qualification steady must be understood as independent of the 
frequency ω of the fast fluctuations. If the flow is averaged over a longer time than the 
period  of the bursting process, the term  must be understood as transient but 
non-oscillating. This term indicates the presence of transient shear layers embedded in 
turbulent flow fields and not aligned in the stream wise direction similar to those 
associated with the streaming flow in oscillating laminar boundary layers (Schneck 
and Walburn, 1976, Tetlionis, 1981).  
j,0i,0 uu
ft j,0i,0 uu
νt j,0i,0 uu
Thus the local instantaneous velocity needs to include an extra term to account for this 
streaming flow that we missed in equation (6) 
stiiii uu+u=u ,~ +′   (12) 
or 
stiiiii uu+U+U=u ,
~ +′′   (13) 
The streaming flow represents the viscid-inviscid interaction in the kernel studies (e.g. 
Peridier et al. (op.cit.) or the ejections associated with the bursting phase. In their 
DNS of turbulent flow near a wall Schoppa and Hussain (2002) have similarly 
concluded that strong shear layers that they call transient stress growth TSG are 
produced by sinusoidal velocity fluctuations in the flow . 
 
The velocity components in equation (13) can be obtained in principle by solving the 
NS equations expressed in terms of this four component instantaneous velocity 
(Trinh, 2009a) but the solution is extremely complex. None exists yet. We can 
progress can adopting the method of successive approximations used in the study of 
laminar oscillating flow (Schlichting, Tetlionis op.cit.). The smoothed phase velocity 
iu~  may be obtained by neglecting the effect of the fast fluctuations and therefore the 
terms  and . This requires that the term iu′ stiu ,
1 
L
U = e <<ωε   (14) 
where  is the local mainstream velocity and L is a characteristic dimension of the 
body.  For flow past a flat plate the governing of this solution of order  is 
eU
0ε
2
2 ~~~~~
y
u
y
vv
x
uu
t
u
∂
∂=∂
∂+∂
∂+∂
∂ ν  (15) 
where ν  is the kinematic fluid viscosity and u~  v~  are the velocity components iu~  in 
the x and y directions.  Equation (15) has further been simplified by Stokes (1851) for 
an impulsively started flow 
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Stokes has solved this equation for the conditions: 
IC  t = 0   all y   νUu =~  
BC1     y = 0   u = 0 0>t
BC2     y = ∞   0>t νUu =~  
where  is the approach velocity for this sub-boundary layer. The velocity at any time t 
after the start of a period is given by: 
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Equation (18)  may be rearranged as 
++ = νν π U
2t   (19) 
The time-averaged velocity profile near the wall may be obtained by rearranging 
equation (17)   as 
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Equation (20)  applies up to the edge of the wall layer where 99.0Uu =ν , which 
corresponds to νδ=y  and 87.1s =η . Substituting these values into equation (17)  gives 
++ = ννδ U16.4   (21) 
Back-substitution of equation (16)  into (14)  gives 
++ = ννδ t78.3   (22) 
where the velocity, period and normal distance have been normalised with the wall 
parameters ν  the kinematic viscosity and ρτ wu =*  the friction velocity, wτ  the 
time averaged wall shear stress and ρ  the density. 
 
The Stokes solution has been used by many authors to model the wall layer of turbulent 
flows (Einstein and Li, 1956, Hanratty, 1956, Black, 1969) and successfully predicted 
the time averaged velocity profile and the time scale  of the wall layer. It can also 
reproduce successfully many of the classical turbulence statistics of turbulence: the 
probability density function, the fluctuating velocities, the production of turbulence, the 
correlation function and the energy spectrum (Trinh, 2010c) but a fundamental 
difference in the physical visualisation must be pointed out between the present approach 
and that of previous users of the Stokes solution. Equation (15) has been used by 
previous authors in an Eulerian framework. The low speed streaks are developing 
viscous layers that occur randomly in time and space. Thus a Lagrangian framework is 
better suited. Secondly, the time scale of the wall layer  measured by  Meek and Baer 
νt
(op.cit.) is far too large to assume that the flow is impulsively started. In fact, the 
convection terms in equation (14) are of the same order of magnitude as the velocity 
derivative (Trinh, 2010b) and there is no justification for neglecting them in an Eulerian 
framework. By rewriting equation (15) as  
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Where tDD  is a partial derivative along the path of diffusion of viscous momentum, we 
can decouple the effect of diffusion and convection (Trinh, 2010b) and thus apply Stokes 
solution formally. Thus equation (21) can be used to define the wall layer thickness as 
the position of maximum penetration of wall retardation by diffusion of viscous 
momentum. 
 
The solution  of order  is independent of the solutions of order 0ε ε  that deal mainly 
with the ejections and therefore the log-law and outer region. Jimenez and Pinelli (1999) 
have provided evidential support for that observation in their paper entitled The 
autonomous cycle of near-wall turbulence” where they show by DNS that events in 
the wall layer are not greatly affected by the structures in the log-law and outer 
regions.  
 
2.2 The log-law layer and the outer region 
 
As the vortex travels along the wall, the fluctuations imposed on the low speed streaks 
grow and the streaming flow contains substantial amount of kinetic energy sufficient 
to eject wall fluid from the wall layer. The ejections start to disturb the outer quasi-
inviscid region beyond the wall layer and dramatically increase the boundary layer 
thickness. The magnitude of the parameter ε  is no longer negligible and we need to 
switch to a second approximation of order ε  to evaluate the velocities  and . 
Unfortunately, the analytical solution of this subset of the NS equations is quite 
difficult and only numerical solutions are possible. These may give greater insight 
into turbulence mechanisms but are not helpful in the predictions of transport rates. 
Thus the most realistic approach is still to use the RANS for the outer region. 
iu′ stiu ,
 
In simple flow geometries, the outer region has been modelled with 
phenomenological models such as the defect law of Karman (1934) and the law of the 
wake (Coles, 1956). In complex geometries the modelling is much better achieved by 
the use of computational fluid dynamics CFD packages. As Bradshaw et al. (op. cit.) 
the empirical model used for the outer region is not important as long as interfaces 
with the log-law near the wall. At the moment this interface varies between software 
designs very arbitrarily. 
  
2.3 Principle of the closure technique 
 
The critical point noted in this theory is that turbulence is a local instantaneous 
phenomenon and cannot be adequately explained by measurements and analysis of 
time-averaged shear stresses and velocities only. A great confusion has resulted from 
starting the theoretical analysis with time-averaged versions of the Navier-Stokes 
equations, the so-called Reynolds equations, whereas the present theory starts with the 
unsteady state Navier-Stokes equations and then time averages the solution. Of 
course, an unsteady state solution of the Navier-Stokes equation for the entire 
turbulent flow field is still out of reach. The problem is circumvented by taking a 
zonal approach. By matching the unsteady state solution for the wall layer and time-
averaged solutions at the pivotal edge of the wall layer, closure of the time-averaged 
model is achieved formally. 
 
3 Theory 
 
The outer region scales with the outer variables δ the boundary layer thickness and 
 the approach velocity but the wall layer scales with the wall variables  and ∞U *u ν . 
Millikan (1939) showed from similarity considerations that there must exist an 
intermediary layer where 
ByAU += ++ ln  (24) 
Thus confirming the result of Prandtl (op.cit.) without the need for cumbersome 
postulates about the physical process.   
 
We now attempt to derive a formulation compatible with Millikan’s analysis, using a 
zero equation model to highlight the basic considerations without dealing with the 
added complexities of higher models. The local time-averaged shear stress at a 
distance y is given by 
( )
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where is called the eddy viscosity after a proposal by Boussinesq (1877). 
Rearranging in dimensionless form gives 
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The velocity changes over a distance l are correlated because the ejections are a 
coherent fluid structures that travels significant distances (Johansson et al., 1991) and 
the velocity may be expanded as a Taylor series in the positive and negative 
directions. 
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Neglecting second order and higher terms, Prandtl estimated the fluctuating velocities 
as 
dy
dUlUVU ≈Δ≈′≈′  (28) 
and the turbulent Reynolds stresses and the eddy viscosity as 
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Equation (26)  may be rearranged as 
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In the log law region, the viscous contribution is small and ννE<<1  and we may 
write 
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Prandtl assumed that the scale is proportional to the normal distance y l
yl κ=  (33) 
where κ  is known as Karman’s constant. This constant may be interpreted as the 
inclination of the ejection with respect to the normal distance (Trinh, 1996). For the 
moment we simply accept the widely quoted value 4.0=κ to avoid complicating the 
formulation any further. Substituting equation (33) into (32) 
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which does not lead to a log-law. To obtain the log law from equation (34) Prandtl 
had to assume further that  
tw τττ ==  (35) 
This assumption is clearly at odds with reality particularly at low Reynolds number 
and we therefore will not adopt it. In addition, we do not interpret  as a mixing-
length, a distance that eddies at y travel before they loose their identity in analogy to 
the mean free path of gas molecules but as a typical scale of the streaming jet. The 
lower limit of application of the log-law is the edge of the wall layer (Trinh, 2010a) In 
order to extend produce a single equation that applies both to the log-law and wall 
layers, we introduce a new factor F such that 
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Van driest (1956) proposed a similar a “damping factor” inspired from the Stokes 
solution for an oscillating flat plate. He argued that this solution can be used to 
describe how eddies from the outer region would be damped by viscous resistance 
near the wall. In the present approach the inclusion of a damping factor F is only to 
make equation (37) compatible with the solution of order and give a single 
formulation for the inner region. It has no physical significance, and certainly I do not 
believe that the function F represents a damping of turbulent eddies from the outer 
flow that bombard the wall layer, a view that was made obsolete by the ground 
breaking work of (Kline, et al., 1967).  
0ε
 
The form of this factor may be inferred from the velocity gradient in the Stokes 
solution 
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A form of the damping function compatible with the error function is  
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The damping function must satisfy two limits
0=F   at          0=+y
1→F   as         ++ → νδy
As with all boundary layer solutions, an arbitrary cut-off value must be taken. In the 
present formulation a value F=0.99999 at  was found most suitable. At high 
Reynolds numbers, the wall layer is thin and  and 
++ = νδy
++ << Rνδ 1≅wττ , equation (39) 
gives . Then for pipe flow 2.11=b
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Equation (40) must pass by the point . Matching equations ),( ++ ννδ U (40) and (21) 
gives 
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4 Comparison with literature data 
 
This equation can be solved iteratively for δν+ for each value of +R . The effect of the 
Reynolds number is introduced through the dimensionless radius
22
Re f
R =+ . The 
wall layer thicknesses predicted by equation (41) are shown against experimental data 
in Figure1.  
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Figure 1 Comparison of wall layer thickness predicted by equation (41) with data 
from Wei and Wilmarth (1989), Nikuradse (Nikuradse, 1932), Bogue (Bogue, 1962), 
Laufer (1954) and Lawn (1971). 
 
 The velocity profiles predicted from equation (40) are plotted against literature data 
in Figure 2.  The predictions fit the data in the inner region (wall layer + log law) but 
not in the pipe core which requires a different correlation than the log-law. 
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Figure 2.  Predictions of velocity profiles from equation (40). Data of Bogue (op.cit.), 
Lawn (op.cit.) and Laufer (op.cit.) 
 The turbulent shear stress distribution is predicted by rearranging equation (29) as 
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Equation (42) is plotted against typical literature data in Figure 3. 
 
Figure 3. Reynolds stress distribution predicted by equation (42). Data of Laufer 
(op.cit.) and Eckelmann (1974) 
 
The normalised turbulence  dissipation is defined as 
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Equation (44) is plotted in Figure 4. 
 
Figure 4. Dissipation of turbulence from equation (44). Data of  Schubauer (1954) 
 
The production of turbulent energy is defined as 
dy
dUVUP ′′=  (45) 
 
Figure 5. Production of turbulence predicted by equation (46). Data of Eckelmann 
(op.cit.) and Laufer (op.cit.) 
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ν  (46) 
It is plotted in Figure 5. 
 
5 Discussion 
 
There are many other possible forms of equation (36) where the original formulation 
of the length scale was modified with a damping function to give a formulation that is 
compatible with the solution of order 0ε near the wall. The ratio wττ was 
introduced simply for convenience of mathematical computation. Dimensionally 
speaking, any other ratio of stresses could have been chosen. For example we may 
have considered 
t
yFl τ
τκ=  (47) 
which leads to 
w
FyE τ
τκν
ν +=  (48) 
Or 
t
wyFl τ
τκ=  (49) 
 
FyE += κν
ν   (50) 
Or 
yFl κ=  (51) 
 
w
tFyE τ
τκν
ν +=  (52) 
 
With each of these formulations, the constant  in equation b (40) needs to be modified 
for best fit against the experimental data then all formulations give the same type of 
prediction shown in Figure 2. Real differences in the predictions of the eddy viscosity 
only become apparent when  (Trinh, unpublished work, 1986; 1991) but 
these have negligible impact on the time averaged velocity profile or the friction 
factor predicted.  
1.0≤+y
 
The log law is based on using only the first term in the Taylor series in equation (27). 
It will not apply when the second  and higher order terms cannot be neglected. 
Therefore a matching criterion for the log-law layer and the outer region can be 
derived by writing 
2
2
2
dy
Udl
dy
dUl =  (53) 
or   
22 dyUd
dydUl =  (54) 
Equation (54) can be recognised as Karman’s similarity hypothesis. Matching 
equations (36) with  and (54) gives a formal estimate of the interface between 
the inner and outer regions 
1=F
22 dyUd
dydUy
w
=τ
τκ  (55) 
 
In older standard  models the switch from the iteration model to the logarithmic 
law of the wall is performed quite arbitrarily. The outer limit of the log-law varies 
considerably with the geometry and conditions of the outer flow (Trinh, 2010e, Trinh, 
2010a). In some transitional flows, it may not even exist and the outer flow model 
should be coupled directly to the wall layer (Trinh, 2010e, Trinh, 2010d). Therefore a 
fixed arbitrary interface will add significant uncertainties to the solution obtained. In 
the outer region the effect of viscosity is very small and the flow is close to potential. 
In such situation the pressure term dominates and, as pointed by Bradshaw et al. 
(1991), most models perform quite well.  The great problem for these models comes 
from formulating the Reynolds stresses closer to the wall. The use of equation (55) to 
switch to the log-law sidesteps that problem. 
ε−k
 
The parameters of the log-law for any particular situation can be determined 
accurately by forcing it through the edge of the wall layer, equation (21). The solution 
of order  is exact since it does not require any modelling of the Reynolds stresses. 
Therefore this match provides the missing degree of freedom into the RANS solution 
that is the log-law. The Lagrangian solution following the path of diffusion can be 
transformed into the Eulerian framework using the procedure in Trinh (2010b). It 
provides an estimate of the wall shear stress, equation (18), and then of the term 
0ε
+R  
for closed conduits or  for external boundary layer flow to begin the next iteration. 
Because the iteration in the wall layer is based on an analytical solution like equations 
(17) and (18) it is much less demanding in computer time than iterations based on the 
original RANS. 
+δ
 
6 Conclusion 
 
The matching of two different descriptions of the wall layer, one unsteady state and 
one steady state leads to a successful closure of turbulence models in the inner region 
of turbulent flow fields. An example has been given for pipe flow. In this paper, the 
simplest model for an unsteady viscous sub-boundary layer at the wall, the Stokes 
solution, has been used successfully. However, the closure principle proposed here 
can be used with any other model for an unsteady state viscous layer. 
The technique is based on a zonal similarity analysis of turbulent flow fields, which 
identifies different regions that are populated by different types of coherent structures. 
The method captures information about these regions, in particular their scales, from 
the unsteady state solutions and feed them back into the steady state models. The 
interfaces between these regions are located much more formally than before. In order 
to capture the effect of the Reynolds number, it is important to avoid some of the 
gross, and unnecessary, simplifications made, for example in the original derivation of 
the log-law by Prandtl. 
 
7 References 
 
BALDWIN, B. S. & LOMAX, H. 1978. Thin layer approximation and algebraic 
model for separated turbulent flows. AIAA paper 78-0257. 
BIRD, R. B., STEWART, W. E. & LIGHTFOOT, E. N. 1960. Transport Phenomena, 
New York, Wiley and Sons,. 
BLACK, T. J. 1969. Viscous drag reduction examined in the light of a new model of 
wall turbulence. In: C.S., W. (ed.) Viscous Drag Reduction. New York: 
Plenum Press. 
BOGUE, D. C. 1962. Velocity profiles in turbulent non-Newtonian pipe flow, Ph.D. 
Thesis, University of Delaware. 
BOUSSINESQ, J. 1877. Théorie de l'écoulement tourbillant. Mémoires Présentés a 
l'Académie des Sciences, 23, 46. 
BRADSHAW, P., LAUNDER, B. E. & LUMLEY, J. L. 1991. Collaborative Testing 
of Turbulence Models : Progress Report. Journal of Fluids Engineering, 113, 
3. 
CECEBI, T. & SMITH, A. M. O. 1974. Analysis of turbulent boundary layers. 
CHU, C. C. & FALCO, R. E. 1988. Vortex Rings/Viscous Wall Layer Interaction 
Model of the Turbulence Production Process near Walls. Experiments in 
Fluids, 6, 305-315. 
COLES, D. E. 1956. The law of the wake in the turbulent boundary layer. Journal of 
Fluid Mechanics, 1, 191. 
CORINO, E. R. & BRODKEY, R. S. 1969. A Visual investigation of the wall region 
in turbulent flow. Journal of Fluid Mechanics, 37, 1. 
DRIEST, V. E. R. 1956. On Turbulent Flow Near a Wall. J. Aero. Sci, 23, 1007. 
ECKELMANN, H. 1974. The structure of the viscous sublayer and the adjacent wall 
region in a turbulent channel flow. Journal of Fluid Mechanics, 65, 439. 
EINSTEIN, H. A. & LI, H. 1956. The viscous sublayer along a smooth boundary. J. 
Eng. Mech. Div. ASCE 82(EM2) Pap. No 945. 
ERSOY, S. & WALKER, J. D. A. 1986. Flow Induced at a Wall by a Vortex Pair. 
AIAA JOURNAL, 24, 1597. 
GATSKI, T. B. & RUMSEY, C. L. 2002. Linear and nonlinear eddy viscosity 
models. In: LAUNDER, B. E. & SANDHAM, N. D. (eds.) Closure strategies 
for turbulent and transitional flows. Cambrige Academic press. 
GAVRILAKIS, S. 1992. Numerical Simulation of Low-Reynolds NUmber Flow Through a 
Straight Square Duct. Journal of Fluid Mechanics, 244, 101-129. 
HALL, P. & HORSEMAN, N. J. 1991. The Linear Inviscid Secondary Instability of 
Longitudinal Vortex Structures in Boundary Layers. Journal of Fluid 
Mechanics, 232, 357-375. 
HANJALIĆ, K. & JAKIRLIĆ, S. 2002. Second-moment turbulence closure. In: 
LAUNDER, B. E. & SANDHAM, N. D. (eds.) Closure strategies for 
turbulent and transitional flows. Cambridge University Press. 
HANRATTY, T. J. 1956. Turbulent exchange of mass and momentum with a 
boundary. AIChE J., 2, 359. 
HARVEY, J. K. & PERRY, F. J. 1971. Flow Field Produced by Trailing Vortices in 
the Vicinity of the Ground. AIAA JOURNAL, 9, 1659. 
HINZE, J. O. 1959. Turbulence, New York, McGraw-Hill  
JIMENEZ, X. & PINELLI, A. 1999. The autonomous cycle of near-wall turbulence. 
Journal of Fluid Mechanics, 389, 335-359. 
JOHANSSON, A. V., ALFRESSON, P. H. & KIM, J. 1991. Evolution and dynamics 
of shear-layer structures in near-wall turbulence. Journal of Fluid Mechanics, 
224, 579-599. 
KARMAN, V. T. 1934. Turbulence and skin friction. J. Aeronaut. Sci., 1, 1-20. 
KIM, H. T., KLINE, S. J. & REYNOLDS, W. C. 1971. The Production of the Wall 
Region in Turbulent Flow. Journal of Fluid Mechanics, 50, 133. 
KLINE, S. J., REYNOLDS, W. C., SCHRAUB, F. A. & RUNSTADLER, P. W. 
1967. The structure of turbulent boundary layers. Journal of Fluid Mechanics, 
30, 741. 
LAUFER, J. 1954. The structure of turbulence in a fully developed pipe. NACA TN 
No 2945. 
LAUNDER, B. E. & SANDHAM, N. D. (eds.) 2002. Closure strategies for 
transitional and turbulent flows: Cambridge University Press. 
LAUNDER, B. E. & SPALDING, D. B. 1974. The numerical computation of 
turbulent flows. Computer Methods in Applied Mechanics and Engineering, 3, 
2182. 
LAWN, C. J. 1971. The Determination of the Rate of Dissipation in Turbulent Pipe 
Flow. Journal of Fluid Mechanics, 48, 477-505. 
LESIEUR, M. 2008. Turbulence in Fluids, Dordrecht, Springer. 
LIU, N. S., SHAMROTH, S. J. & MCDONALD, H. 1991. Reciprocal Interactions of 
Hairpin-shaped Vortices and a Boundary Layer. AIAA JOURNAL, 29, 720. 
MCCOMB, W. D. 1991. The Physics of Turbulence, Oxford, Clarendon Press. 
MILLIKAN, C. B. 1939. A critical discussion of turbulent flows in channels and 
circular tubes. Appl. Mech. Proc. Int. Congr. 5th, 386. 
NIKURADSE, J. 1932. Gesetzmäßigkeit der turbulenten Strömung in glatten Rohren. 
Forsch. Arb. Ing.-Wes. N0. 356. 
OBUKHOV, A. M. 1983. KOLMOGOROV FLOW AND LABORATORY 
SIMULATION OF IT. Russian Mathematical Surveys, 38, 113-126. 
OFFEN, G. R. & KLINE, S. J. 1974. Combined dyestreak and hydrogenbubble visual 
observations of a turbulent boundary layer. Journal of Fluid Mechanics, 62, 
223. 
PANTON, R. L. 1990. Scaling turbulent wall layers. J Fluid Engineering, 112, 425-
423. 
PATEL, V. C., RODI, W. & SCHEUERER, G. 1985. Turbulence models for nearwall 
and low Reynolds number flows: a review. AIAA JOURNAL, 23, 1308. 
PERIDIER, V. J., SMITH, F. T. & WALKER, J. D. A. 1991. Vortex-induced 
Boundary-layer Separation. Part 1. The Unsteady Limit Problem Re. Journal 
of Fluid Mechanics, 232, 99-131. 
PRANDTL, L. 1925. Uber die ausggebildete Turbulenz. ZAMM, 5, 136. 
PRANDTL, L. 1935. The Mechanics of Viscous Fluids. In: W.F, D. (ed.) 
Aerodynamic Theory III. Berlin: Springer. 
REYNOLDS, O. 1895. On the Dynamical theory of Incompressible Viscous Fluids 
and the Determination of the Criterion. Phil. Trans. Roy. Soc. (London), 186A, 
123-164. 
RODI, W. 1980. Turbulence Models and Their Application in Hydraulics, Delft, the 
Netherlands, International Association of Hydraulic Research Section, 
University of Karlsruhe. 
SCHLICHTING, H. 1960. Boundary Layer Theory, New York., MacGrawHill. 
SCHNECK, D. J. & WALBURN, F. J. 1976. Pulsatile blood flow in a channel of 
small exponential divergence Part II: Steady streaming due to the interaction 
of viscous effects with convected inertia. Journal of Fluids Engineering, 707. 
SCHOPPA, W. & HUSSAIN, F. 2002. Coherent structure generation in near-wall 
turbulence. Journal Of Fluid Mechanics, 453, 57-108. 
SCHUBAUER, G. B. 1954. Turbulent processes as observed in boundary layers and 
pipes. J. Appl. Phys., 25, 188-196. 
SPALART, P. R. & ALLMARAS, S. R. 1994. A one-equation turbulence model for 
aerodynamic flows. La Recherche Aérospatiale, 1, 5-21. 
STOKES, G. G. 1851. On the effect of the internal friction of fluids on the motion of 
pendulums. Camb. Phil. Trans., IX, 8. 
SWEARINGEN, J. D. & BLACKWELDER, R. F. 1987. The Growth and Breakdown 
of Streamwise Vortices in the presence of a Wall. Journal of Fluid Mechanics, 
182, 255-290. 
TETLIONIS, D. M. 1981. Unsteady Viscous Flow. SpringerVerlag, New York. 
TRINH, K. T. 1996. Structural implications of Karman's universal constant in 
turbulent shear flows. IPENZ Annual conference. Dunedin: IPENZ. 
TRINH, K. T. 2009a. A  Four Component Decomposition of the Instantaneous 
Velocity in Turbulent Flow. arXiv.org 0912.5248v1 [phys.fluid-dyn] [Online]. 
TRINH, K. T. 2009b. A Theory Of Turbulence Part I: Towards Solutions Of The 
Navier-Stokes Equations. arXiv.org [Online]. 
TRINH, K. T. 2010a. Additive Layers: An Alternate Classification Of Flow Regimes. 
arXiv.org 1001.1587 {phys.fluid-dyn] [Online]. 
TRINH, K. T. 2010b. The Fourth Partial Derivative In Transport Dynamics. arXiv.org 
1001.1580[math-ph.] [Online]. 
TRINH, K. T. 2010c. On the Non Specific Nature of Classical Turbulence Statistics. 
arXiv.org 1001.2064 [phys.flu-dyn] [Online]. 
TRINH, K. T. 2010d. On Virk’s Asymptote. arXiv.org 1001.1582[phys.fluid-dyn] 
[Online]. 
TRINH, K. T. 2010e. A Zonal Similarity Analysis of Velocity Profiles in Wall-
Bounded Turbulent Shear Flows. arXiv.org 1001.1594 [phys.fluid-dyn] 
[Online]. 
TUCKER, B. & CONLISK, A. T. 1992. Massive Vortex Motion in the Presence of 
Solid Boundaries. Physics of Fluids, A4 (2), 290. 
WALKER, J. D. A. 1978. The Boundary Layer due to a Rectilinear Vortex. Proc. R. 
Soc. Lond., A359, 167-188. 
WALKER, J. D. A., ABBOTT, D. E., SCHARNHORST, R. K. & WEIGAND, G. G. 
1989. Wall-layer Model for the Velocity profile in Turbulent Flows. AIAA 
JOURNAL, 27, 140. 
WEI, T. & WILLMARTH, W. W. 1989. Reynolds-number Effects on the Structure of 
a Turbulent Channel Flow. Journal of Fluid Mechanics, 204, 57-95. 
ZANOUN, E.-S. & DURST, F. 2003. Evaluating the law of the wall in two-
dimensional fully developed turbulent channel flows. Physics of Fluids, 15, 
3079-3089. 
 
 
